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1. Introduction

In 2006, British Sky Broadcasting Group (BSkyB), a UK pay-TV broad-
caster, announced the acquisition of 17.9% of ITV, a UK free-to-air TV
broadcaster. The UK Competition Commission concluded that such ac-
quisition would lessen competition considerably, and ordered BSkyB
to reduce its shareholding to below 7.5%. In a related example, until
November 2007 Portugal Telecom (PT) held a 58% share of PT Multime-
dia (PTM), a combination of voting stock and non-voting stock. The two
firms operated in several markets as the two main “competitors”
(sometimes the sole competitors). Responding to government pressure
that PT divests its share in PT Multimedia, PT's share in PT Multimedia
was distributed to PT's shareholders.
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These are just two of the many examples where a firm owns a share
in a competitor. This situation raises a series of competition policy ques-
tions, including: (a) To what extent does partial ownership lessen com-
petition and decrease consumer surplus? (b) What difference does it
make whether the partial ownership consists of voting shares, as op-
posed to preferred (non-voting) stock? (c) If a divestiture of control
rights is to take place, what is the best way to implement it: to sell the
shares to a large shareholder, to sell the shares to small shareholders,
to distribute the shares among the shareholders of the parent company
in proportion to their holdings, or to turn the voting stock into preferred
stock?

In this paper, we attempt to address question (c), and in the process
shed some light on (a) and (b). We propose a basic framework whereby
each shareholder cares for his financial interest, whereas each firm
maximizes the combined interests of its controlling shareholders.

As a preliminary result, we establish a relation between consumer
surplus under a price setting duopoly and the weights that each firm
gives to its competitor's profits. We then apply this general result to ex-
amine the impact of alternative forms of divestiture. First, we show that
turning a partial ownership from voting stock to preferred stock in-
creases consumer welfare. In other words, while a financial interest in
a competitor may lessen competition, a controlling share is even worse.

Next, we compare the relative merits — in terms of consumer
surplus — of alternative divestiture options. In various recent cases,
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divestiture has been implemented by the so-called “proportional”
method, whereby firm A's controlling shares in firm B are transferred
to the shareholders of firm A in proportion to shareholdings in firm A.
We identify conditions under which this option performs worse — in
terms of consumer surplus — than turning voting stock into preferred
stock, which in turn performs worse than full divestiture (that is, selling
the shares to a third party).

Regarding the option of full divestiture, we show that a sale to a large
independent shareholder fares better than a sale to many small share-
holders. Intuitively, a sale to a large shareholder increases the weight
given to independent shareholders in the target firm; and this has the
beneficial “countervailing” effect of increasing the weight given by the
target firm to its own profit.

While these are our main results, we also provide additional sets of
necessary and sufficient conditions to rank various divestiture options.
Moreover, while our results are couched in terms of divestiture of
partial competitor ownership, they also apply (with the appropriate
sign change) to an increase in partial ownership.

1.1. Related literature

A number of authors have considered the impact of partial compet-
itor ownership on the nature of oligopoly competition. In one of the
earliest contributions, Reynolds and Snapp (1986) show that market
output is lower when there is partial ownership. Bresnahan and Salop
(1986) build on Reynolds and Snapp (1986) by introducing the distinc-
tion between financial interest and control. They consider a joint ven-
ture between two competitors and show that an independent joint
venture is more competitive than any form of silent financial interest,
which in turn is more competitive than limited joint control or full own-
ership or control by one parent.

Flath (1992) contributes to this literature by considering both direct
(as in the above papers) and indirect financial shareholding. Firm A in-
directly holds shares in firm C if it holds shares in firm B and, in turn,
firm B holds shares in firm C. The anticompetitive effects are greater in
this case than when only direct holdings are considered.?

In a recent contribution, Karle et al. (2011) consider a private inves-
tor who initially owns a controlling stake in one of two competing firms
and may acquire a (controlling or non-controlling) stake in the compet-
itor, either directly (by making use of own funds) or indirectly (by in-
ducing the controlled firm to do so). While there is some overlap with
our analysis, their framework cannot be used to address the question
we are interested in this paper, namely comparing various forms of
divestiture.?

Although most of the literature focuses on unilateral effects of partial
ownership, Gilo et al. (2006) look at the possibility of coordinated ef-
fects. Specifically, they analyze whether passive financial investments
in rivals facilitate or hinder tacit collusion. Despite the fact that larger
crossholdings may limit the punishment after deviation from a collusive
arrangement (Malueg, 1992), Gilo et al. (2006) establish that an in-
crease in financial ownership by a rival firm never hampers collusion.

T Reitman (1994) considers the same ownership structure as Reynolds and Snapp
(1986) in a conjectural variation model to discuss the incentives firms may have in partic-
ipating in partial ownership arrangements. See also Alley (1997) for an application of a
conjectural variation model with partial ownership arrangements and trade to the auto-
mobile industry.

2 Dietzenbacher et al. (2000) extend these results to more than three firms and to
Bertrand competition. They also provide an empirical application to the Dutch financial
market. In related recent research, Micola and Bunn (2008) conducted a series of simula-
tions to analyze the effects of crossholdings on the outcome of sealed bid-offer auctions
with capacity constraints.

3 Moreover, Karle et al. (2011) only consider two possible extreme cases regarding ini-
tial ownership structures in the target firm: one block holder or many small shareholders.
In addition, all private investors are assumed not to have initially positions in more than
one firm. Our present paper proposes a more general framework in both respects, which
is important in terms of empirical application.

The paper that is closest to ours is O'Brien and Salop (2000).
They study the case when there is partial ownership which may or
may not correspond to control. They evaluate the impact of such cross
shareholdings by computing each firm's price pressure index (PPI): an
increase in firm i's PPI corresponds to an upward shift in its first-order
condition; given constant rival prices, this leads to a higher price by
firm i. Based on this methodology, they find the surprising result that
obtaining control of a rival firm through partial ownership may be
worse, in terms of welfare, than a complete merger between the two
competitors.* Some of our results are consistent with those of O'Brien
and Salop (2000). However, our framework allows us to consider addi-
tional ownership comparative statics they did not consider.

O'Brien and Salop focus on partial acquisitions that lead to various
scenarios. However, the relationship between financial interest and
control is not modeled. By distinguishing between voting stock and pre-
ferred stock, our approach addresses this issue and derives a series of
policy relevant results. Moreover, unlike O'Brien and Salop we allow ex-
plicitly for the distinction between individuals as owners and firms as
owners, raising the issue of direct and indirect control or financial inter-
est. As our empirical application shows, this distinction is of practical
interest.

1.2. Road map

The remainder of the paper is structured as follows. In Section 2 we
present our formal framework. Section 3 includes some preliminary re-
sults (lemmas) which we then use in Section 4, where we present our
main results. An extension to our basic framework, considering the
case of common shareholders, is included in Section 5. In Section 6,
we apply our analysis to the case of Portugal Telecom's (PT) divestiture
of its share in PT Multimedia (PTM). Section 7 concludes the paper.

2. Formal approach

Consider an industry with two firms (A and B) and N relevant share-
holders.” We explicitly consider the distinction between voting stock
(i.e., shares with control rights) and preferred (non-voting) stock. Firm
i's total stock (i = A,B) is composed of a percentage V; of voting stock
and a percentage 1 — V; of preferred stock. Shareholder n holds a share
Vi of voting stock in firm i and a share s;,, of preferred stock in firm i.
Hence, shareholder n holds a percentage t;;, = vi;V; + sin(1 — V;) of
firm i's total stock.

Each firm's profit is distributed among shareholders proportionally
to their total stock, regardless of whether it be voting stock or preferred
stock. Hence, shareholder n receives a profit stream corresponding to a
percentage t;, of firm i's aggregate profit, I'l4. It follows that shareholder
n's payoff is given by t;, I'T; + t, IT;.

In addition to individual shareholders, we also consider the possibil-
ity that firm A owns a share tp, in firm B, which includes a share vgg >0
of voting stock.’ It follows that, if r; is firm i's operating profit (i = A,B),
then firm A's aggregate profit (including cross-holdings) is given by
I, = my + tgolI, whereas for firm B we have simply I'lz = mg.

We follow O'Brien and Salop (2000) in assuming that each firm's ob-
jective function is a weighted sum of shareholders' payoffs. Additionally,
we assume that the weight given by firm i to shareholder n's payoff, w;,,
is a function of shareholder n's voting stock. In particular, let w;,, =
f(in) /223 = of(vin), where: (i) f(0) = 0; (ii) Owin/Ovin > O; (i) f(vin)/f
(Vi) = f(8vin) /f (Bviy) for all 6 7 0 and (iv) f(6vin) + f((1 — 0)via) <
f(vin) for all 6 €[0,1]. We thus assume that a firm gives no weight to a

4 In a recent contribution Foros et al. (2010) consider the case when the partial owner-
ship of one firm in the other is endogenously determined.

5 We allow for two types of shareholders, relevant shareholders and infinitesimal share-
holders. Only the former are able to influence the firms' managers.

5 Strictly speaking, firm B has, at most, N + 1 shareholders, if we include the competing
firm as a shareholder.
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particular shareholder who does not own voting stock, that the weight
given to a particular shareholder is increasing in his percentage of vot-
ing stock, that the ratio of weights corresponding to any two share-
holders, n and n’, does not change if the percentage of voting stock
owned by each of them changes in the same proportion and that if a
given shareholder’s stock is split between two shareholders, the weight
given by firm i to these two shareholders is lower than the original
weight.

Notice that in our setting, even if shareholder n's percentage of vot-
ing stock is kept constant, if for some reason there is a change in the pat-
tern of ownership of the remaining shareholders, this may affect the
weight attributed by the firm to shareholder n's payoff. Moreover,
even if one shareholder has the majority of the votes we do not consider
that the firm maximizes his payoff. As highlighted by O'Brien and Salop
(2000) “the control exerted by shareholders with the majority of voting
power is not absolute. If it were, the minority (or non-voting) shares
would have little value...” (p. 571).

Formally, firm i maximizes ; (i = A,B), which are given as follows:

N
Wy = ZWAn(tAn ITy + tg, Ip)

n=1
N
p =Y Wey(tan TTp+ tpy [) +Wpo .

n=1

Solving for w, and wg and expressing aggregate profits in terms of
operational profits, we obtain:

N
Oy = Z Wan(tan Ta + (tgn + Lantpo)TT)

n=1

Wp =

N
n=

(Wpn + WeoWan) (Ean T + (Epy + Lantpo)TTp).
1

Thus, an alternative way to think about firm i's maximization prob-
lem is to consider that, ultimately, there are N shareholders with control
rights (through w;,) and financial interests (through t;;) in firms A and
B, both direct and indirect interests. For instance, the direct financial in-
terests of shareholder n in firm B correspond to tg,, whereas his indirect
financial interests are given by t4,tgo. A similar reasoning can be applied
to the control weights w;,.

Many of our results below are better expressed in terms of share cor-
relation/concentration indexes. Specifically, we define

N
K= (Wi + WigWpy )t 3)
n=1

with h,ij = AB and i # h. In words, K;; measures the correlation
between direct plus indirect control in firm i and financial interest in
firm j, as well as the concentration of such control/interest. In the
limit, Kj; = 0 either because firm i's control is separated from firm j's
ownership or because there are many infinitesimal shareholders. At
the opposite extreme, K;; = 1 if there is a single shareholder who con-
trols the firm and is entitled to all its profit.

With this notation, both firms' objective functions can be written as

©p = KpaTtg + (Kpg + Kaatpo) g (4)
Wp = KBA"A + (KBB + KBAtBO)nB'

Without loss of generality and assuming K;; > 0, one can re-write the
firms' objective functions as

Wy =Ty + YTl (5)
Wpg = Tlg + Vg,

where
K
Ya =g + K—AB
KB/:"“ (6)
Vs

 Kpp + Kgatpo

correspond to the weights each firm attributes to its competitor's oper-
ating profit.

3. Preliminary results

We are interested in understanding how changes in ownership af-
fect consumer welfare. For this purpose, we assume that firms compete
in prices and that prices are strategic complements: an,»/ap,»apj > 0.
Moreover, we assume that an increase in firm i's price increases firm
J's operating profit ; and reduces consumer surplus. The following re-
sult then relates changes in +y; to changes in consumer surplus.

Lemma 1. Consumer surplus is decreasing both in y, and yz. B

Although we focus our attention on price competition, the negative
relation between 7y; and consumer surplus extends to other modes of
market competition (for example, Cournot competition with linear de-
mands). The idea is fairly intuitive: to the extent that firm i takes firmj's
profit into consideration when maximizing profits, we are closer to the
perfect collusion extreme, which implies higher prices.

Although our focus is on changes in firm A's holdings of firm B, we
first consider a series of comparative statics exercises with respect to in-
finitesimal changes in some key parameters.

Lemma 2. <y is increasing in Kga, non-increasing in Kgg and decreasing in
tgo. Moreover, 'y, is increasing in tgo and Kap; and non-increasing in Ky M

The weight placed by firm i on its rival's profit decreases with Kj;.
Whenever control (measured by direct and indirect control weights)
and financial interests become more aligned in firm i, shareholders
will use their control to make firm i maximize own profit and thus
place a lower weight on the rival's profit.” For a similar reason, the
weight placed by firm i on its rival's profit increases with Kj. If share-
holders with (direct or indirect) control of firm i have more financial in-
terests on firm j, then firm i will place a larger weight on its competitor.

As for firm A's financial interests in firm B, tp, it affects both firms in
different ways. An increase in tzo makes firm A care more about firm B's
profits due to its larger financial interest in firm B. How about firm B? To
the extent that Kz4 > 0, i.e. that there is some correlation between con-
trol in firm B and financial interest in firm A, a larger tzo makes firm B
place a higher weight on own profit and consequently a lower profit
on rival's profit. Everything else constant, the more firm A cares about
firm B (as measured by tpo), the more firm A will use its control over
firm B to maximize firm B's profits, which in turn leads to a lower yg.

We now discuss in more detail the factors that drive Kj;. For that pur-
pose, we define

N

ki = Zwmtjn (7)
n=1

i = A, B, so that we can write

N
K= (Wi + WiWio)tjn = kij + Wigky;
n=1

7 It should be noted that dy;/dK;; is negative when Kj; > 0. Otherwise it is zero. Recall that
when Kj; is zero, shareholders with control of firm i have no participation in firm j's profit.
As long as Kgg > 0, firm B will maximize own profit and as long as Ka4 > 0, firm A will max-
imize its aggregate profit, which includes a percentage tg, of firm B's operating profit. In-
creases in K4 or Kpp do not change this behavior.
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with h,ij = AB and i # h. Again, k; measures the correlation between
control in firm i and financial interest in firm j, as well as the concentra-
tion of such control/interest. But in this case, it refers exclusively to
direct control.®

With respect to firm A, there is only direct control, and hence, Kxj =
kaj. There exist, however, two types of control regarding firm B: direct
control and indirect control (which is exerted via firm A). Hence, K; is
composed of two elements. The first one measures the extent to
which direct control in firm B is correlated with financial interest in
firm j, kg;. The second one measures the extent to which control in
firm B exerted via control in firm A is correlated with financial interest
in firm j, wpokaj. In what follows, we will assume that direct control in
a given firm is more correlated with (direct) financial interest in the
same firm than with financial interest in the rival firm, which implies
that kaakps — kagksa > 0. Under this assumption, lemma 2 can then be
rewritten as:

Lemma 2'. ‘g is increasing in kaa, kga and vgo; and decreasing in kgg, kap
and tgo. Moreover, 7y, is increasing in tgo and kap; and non-increasing in
koM

As far as 'y, is concerned, since Kas = kaa and Kup = k4 (see footnote 8),
the results in Lemma 2’ coincide with those in Lemma 2. With regard to
the part that refers to s, however, this formulation allows us to highlight
further effects, which we discuss in turn.

First, yp is increasing in kas. Why would firm B care about firm A's
profits? For two reasons: (i) because some shareholders with control
in firm B's may have a financial interest in firm A (i.e. because there
exist common shareholders); and/or (ii) because the shareholders
with control and financial interest in firm A also have some control in
firm B (through wgo). The extent to which the shareholders who control
firm A also have a financial interest in firm A is measured by ka4, thus s
is increasing in kaa.

Second, yg is decreasing in kgg. Recall that the indexes k;; measure both
correlation and concentration. In this case, it is best to think of kg as a
concentration index. In the limit when kgg is small, all firm B shareholders
(except firm A) are of infinitesimal size. This implies that firm A's share in
firm B, even if less than 1, effectively gives firm A complete control over
firm B. To the extent that ks, is greater than zero, so that firm A's voting
shareholders also have a financial interest in firm A, this implies that the
controlling share vgg will induce firm B to care a lot for firm A's profits.
For this reason, an increase in kzg — a greater concentration of control
by firm B's “independent” shareholders — “counterweights” the effect of
vgo. We will return to this “countervailing” effect later.

Third, <yp is increasing in vpo (and in wpo) if kaakps — kagkpa > O.
Greater control of firm B by firm A's shareholders leads firm B to place
greater weight on firm A's profits. There are two opposing effects in
place: (i) A larger wpgg increases the correlation between control in
firm B and financial interest in firm A, Kga, via indirect control; and
(ii) a larger wpgg increases the correlation between control in firm B
and financial interest in firm B, Kpp, if k4p is positive. The channel
through which the first effect takes place is similar to that discussed
above regarding the partial derivative dyp/0kas. To the extent that
kaa > 0, the voting shareholders who have partial indirect control over
firm B also have a financial interest in firm A. Such control is used to in-
fluence firm B to give greater weight to firm A's profits. And the greater
Vpo is, everything else constant, the greater the control of firm B by firm
A, and the greater this effect is. The second effect results from the possi-
ble existence of common shareholders who control firm A and have a fi-
nancial interest in firm B. To the extent that k45 > 0, some shareholders
are interested in making firm B place a larger weight on own profit and
an increase in wpo makes their indirect control of firm B stronger.

8 Given that we assume that only firm A has some financial interest and control in firm
B, we have wyo = 0 and the expressions simplify to Kys = kaa > 0, Kap = kap > 0, Kgp = kpp +
Wpgokag > 0 and Kpa = kga + Wpokaa > 0.

Notice the contrast between two of the derivatives: g is increasing
in vy but decreasing in tgo. This shows that the nature of firm A's hold-
ings in firm B matters a great deal: control and financial interest are re-
lated but different forms of shareholding. In fact, for a given level of
financial interest, greater control leads firm B to place greater weight
on firm A's profits; but for a given level of control, greater financial inter-
est leads firm B to place a lower weight on firm A's profits. In the next
section we will discuss the importance of this distinction when compar-
ing various forms of divestiture.’

Discussing the effects of partial ownership, O'Brien and Salop (2000)
also allude to the important distinction between active and passive
ownership:

In analyzing the competitive effects of partial ownership, it is
necessary to distinguish between two aspects of partial ownership,
financial interest and corporate control ... These two factors have
separate and distinct impacts on the competitive incentives of the
acquired and acquiring firm. Financial interest affects the incentives
of the acquiring firm, while corporate control affects the incentives
of the acquired firm. (p. 568)

While we agree with this characterization, we also think that it is
incomplete. We agree that a higher tgo leads to a higher y,4 (“financial
interest affects the incentives of the acquiring firm”) and that a higher
vpo leads to a higher yp (“corporate control affects the incentives of
the acquired firm”). But to this we add that, to the extent that firm A
has some control over firm B, financial interest also affects the incen-
tives of the acquired firm (a higher tp, leads to a lower 7y, as stated in
Lemma 2).

In addition to the derivatives presented above, it is also relevant to
discuss how 7y, and <y are affected by kap and kga. With respect to kap,
a higher correlation between (direct) control in firm A and financial in-
terest in firm B makes firm A place a higher weight on firm B's profit and,
to the extent that the shareholders who control firm A have an influence
via wpg on firm B's decisions, will make firm B place a higher weight on
itself, i.e. a lower weight on firm A's profit. As for kg, we have dy,/0kgs =
0 and d7yp/0kss > 0. The reasons are similar, with the exception that firm
B has no voting shares in firm A and, hence, shareholders who control
firm B have no way to instruct firm A to place a higher weight on its
own profit. As a result of the above, the existence of common share-
holders leads to a higher y4, whereas the effect on vy is uncertain. If
kpakgs — kagkaaW2o > 0, the existence of common shareholders also
leads to a higher ;.

Since in the presence of common shareholders, changes in the own-
ership and control structure give rise to several effects going in opposite
directions, it is difficult to establish general results. In the following sec-
tion, we present our main results for the case in which there are no com-
mon shareholders before the divestiture. Section 5 then discusses the
implications on the main results of the existence of common share-
holders prior to the divestiture.

4. Main results: no common shareholders

Although our general notation allows for shareholders with holdings
in both firms, in this section we will assume that this is not the case ex-
cept for the share firm A holds in firm B. Taking this into account, we
have kqp = ks = 0 and we may rewrite Eq. (6) as follows:

Ya = tgo
v WyoKas (8)
B

~ Kgg + Weotpokas

9 As we will see, the two forms of shareholding are not independent: an increase in voting
shares also leads to an increase in financial interest, except in the limit case when V; = 0, so
that voting shares correspond to no financial interest.
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We now turn to the main results in the paper, where we consider the
implications for consumer surplus of various alternative forms of dives-
titure of firm A's control holding in firm B. Specifically, using Lemmas 1,
2 and other results, we now characterize the effect and compare the rel-
ative merits in terms of consumer surplus of the following alternative
options:

1. The shares are distributed among the shareholders of the parent
company in proportion to their holdings.

2. The shares are turned into preferred stock.
. The shares are sold to infinitesimally small shareholders.
4. The shares are sold to a new large shareholder.

w

Note that there is an important distinction between Options 1 and 2,
on the one hand, and Options 3 and 4 on the other hand: the latter two
options require a sale of shares, whereas the first two do not. In other
words, one would expect the transactions cost of Options 3 and 4 to
be greater than that of Options 1 and 2. We will return to this issue
when discussing the relative merits of each option.

Option 1 assumes that all shares (irrespective of being voting or
preferred stock) that firm A owns in firm B are distributed to firm A's
shareholders in proportion to their total stock in the parent company.
If there is only one type of shares, then there is only one type of propor-
tional spin-off. If, however, there are various types of shares, then our
assumption is not innocuous, as it is likely that different rules will lead
to different outcomes. For example, each share might be distributed in
proportion to the shares of the same type held in the parent company.'°

Option 2 directly addresses the issue of control. If the main concern
is that firm A controls firm B, then the simplest way of addressing the
issue is to remove such control by turning its voting shares into non-
voting shares.

Option 3 is a natural benchmark. Just as the most competitive mar-
ket structure corresponds to atom-sized firms, one may conjecture
that atom-sized shareholders best correspond to the idea of a competi-
tive structure. However, as we will later see, such shareholder structure
does not necessarily maximize consumer surplus.

Finally, Option 4 is similar to Option 3 with the difference that the
sale is made to one large shareholder.

We first consider the case of a proportional spin-off procedure
(Option 1). In some sense, a proportional divestiture substitutes direct
firm control for shareholder control. To the extent that these alternative
forms of control are substitutes, a tantalizing possibility is that a propor-
tional divestiture is neutral from the point of view of effective control,
and therefore from the point of view of consumer welfare. However,
redistributing all of firm A's shares in firm B to existing firm A's share-
holders in proportion to their shareholdings in firm A, t4,, is, in general,
not neutral: the proportional spin-off may increase or decrease consum-
er welfare depending on the particular patterns of ownership structure.
This is for two reasons. First, since the indirect voting shares are con-
verted into direct shares in proportion to t4, and not in proportion to
van, the relative voting importance of each shareholder changes, thereby
affecting the shareholder's weight even if the latter is linear in voting
stock. Second, even if v4, = tan, as the weight assigned to each share-
holder is not necessarily linear in the percentage of voting stock she
holds, the importance of each shareholder may change: a given reduc-
tion in the indirect percentage of votes is not necessarily compensated

10 There are a number of examples consistent with our particular assumption regarding
proportional spin-offs: (i) Brookfield Asset Management Inc.'s 2008 spin-off of Brookfield
Infrastructure Partners L.P. (where each holder of Brookfield Class A and Class B shares re-
ceived one share for each 25 Brookfield shares held); (ii) Bedminster National Corp.'s 2007
spin-off of its two subsidiaries, Bedminster Capital and Bedminster Financial (where
holders of common stock of Bedminster National received one share of the Class A and
Class B common stock of each subsidiary for every share of Bedminster National Class A
and Class B common stock held); and (iii) NACCO's proposed spin-off of Hamilton Beach
(where for each share of NACCO Class A or Class B common stock held, NACCO distributed
one half of one share of Hamilton Beach Class A common stock and one half of one share of
Hamilton Beach Class B common stock).

by an equal increase in the direct percentage of votes held, as far as con-
trol weights are concerned.

This type of divestiture has several effects, which we discuss in turn.

First, it creates common shareholders. If k44 > 0, some shareholders
with control over firm A will, after the divestiture, have a financial inter-
estin firm B (i.e. kap becomes positive). This will lead firm A to attribute
a higher weight to firm B's profit (i.e. y4 increases). On the other hand,
to the extent that, after the divestiture, firm A still retains some control
over firm B, these common shareholders will use their control over firm
A to make firm B more aggressive, thereby leading to a decrease in ‘yg.
Additionally, the shareholders who gain some direct control over firm
B also have a financial interest in firm A (i.e. kg4 becomes positive).
Hence, these shareholders will make firm B behave less aggressively
(ie. a larger yg).

Second, the proportional divestiture leads to a reduction in both v
and tgy, where the corresponding induced effects on y4 and yp were al-
ready discussed in the previous section (see Lemma 2 and Lemma 2').

Finally, the proportional divestiture also has an impact on kgp. By
redistributing shares that were previously concentrated in firm A to its
own shareholders, this type of divestiture leads to an increase in the cor-
relation between ownership and control in firm B, which has the posi-
tive effect of making this firm place a lower weight on firm A's profit
(i.e. yp is reduced).

Before presenting our next result, which establishes a necessary and
sufficient condition for the proportional divestiture to be good for con-
sumers, some additional notation must be introduced. Define

N
0

> AW, G,

n=1

where Awf, denotes the variation in w;, due to the implementation of
Option 0 = 1, ..., 4 divestiture. In words, S}, refers to the correlation be-
tween variations in control weights in firm i (resulting from divestiture o)
and original ownership shares in firm j. One particular case is worth
explaining. We have S§ = 0 when each shareholder who is given a differ-
ent weight in firm i's objective function did not own directly any stock
in firm j before the divestiture (and hence had no direct claims over
firm j's profit). A large S means that shareholders who gained more
control over firm i are those who have, at the outset, a larger financial
interest in firm j.

S

Si'

S

Proposition 1. Any complete or partial proportional divestiture (Option 1)
increases consumer welfare if and only if

Kgp (S},A + kMAwl];O) —SZ;BWBOICAA< 0.

|

The first term in the condition for consumer surplus to increase can
be written as kgg >N — 1 (AWh, + WanAWio)tar. If this term is negative,
Option 1 increases consumer welfare. This term is negative if the largest
shareholders in terms of financial interest in firm A are the ones whose
weights in firm B's objective function (both direct and indirect weights)
decrease with the divestiture. In fact, shareholders with Aw}, +
WanAwgo < 0 will see their overall weight on firm B's objective func-
tion decrease, because the increase in direct weight, Aw},, does not
compensate for the decrease in their indirect influence in firm B,
WanAWpo. If these shareholders, the ones whose relative voting
power in firm B decreased with the divestiture, also have a high finan-
cial interest in firm A, a high tg4,, they will now be less able to use their
(voting) influence in firm B so as to instruct it to give more weight to
firm A, thereby reducing competition and hurting consumer surplus.
In case, however, this term is non-negative, it is still possible that Option
1 increases consumer welfare, provided that S}z is sufficiently large. No-
tice that the original firm B shareholders will see their degree of control
increase as the voting stock of firm B owned by firm A becomes diluted
after the divestiture, Sz > 0.
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In order to illustrate in a simpler way the main mechanisms behind
this result, consider the special case wherein the f (-) function is linear.
More specifically, assume now that f (vg,) = vgp and >N _ o vg, =
> N _ | tan = 1. When this is the case, the condition in Proposition 1
boils down to

N
Z tan—

n=1

VAn tAn< 0.

In this case, the condition for consumer welfare to increase will be
verified if the largest shareholders in terms of financial interest are
also the ones who have a lower percentage of total stock when com-
pared to their percentage of voting stock. Shareholders with t4,, > va,
will be attributed a higher direct percentage of the divested voting
shares, ta,Vgo, than their ex-ante indirect voting influence in firm B,
VanVpo. Now, if these shareholders, the ones whose relative voting
power in firm B increases with the divestiture, also have a high financial
interest in firm A, a high t,,,, they will use their increased (voting) influ-
ence to instruct firm B to be less aggressive.

Consider the following illustrative example: two shareholders, 1 and
2, are each entitled to 40% and 60% of firm A's profit, respectively, but
one of them (say, shareholder 1) owns all voting stock. Further, firm A
owns 20% of firm B's voting stock. Before the divestiture, shareholder
1 has an indirect control over firm B that corresponds to 20% (i.e. firm
B will give a weight of 20% to shareholder 1's payoff) and the remaining
shareholder has no control over firm B, i.e. is given no weight by firm B.
After the proportional divestiture, 12% of firm A's voting stock in firm B
will be attributed to shareholder 2 and 8% to shareholder 1. In this case,
>N (tan — Van)tan = .12 > 0, meaning that the proportional divesti-
ture will reduce consumer surplus. Shareholder 2 will see his control in
firm B increase when compared to shareholder 1. This happens because
shareholder 2 will be given a larger percentage of voting stock, 12%,
than his original indirect holdings, 0%, while shareholder 1 will only re-
ceive 8% and previously held 20%. But, given that shareholder 2 is more
interested in firm A's profit than shareholder 1 was (because he has a
larger financial interest) the increase in control will make firm B less
aggressive.

It is worth remarking at this point that with f (vg,) = v, if each
shareholder n owns the same percentage of voting shares and preferred
stock in firm A (i.e., Van = San = tan), then a proportional divestiture
turns out to be neutral from a consumer welfare point of view.!! The in-
tuition is straightforward: the proportional divestiture simply converts
indirect voting power and financial interest into direct ones. The same
is true if there is only one type of stock.

Next, we consider the possibility of turning firm A's voting stock in
firm B into preferred stock (Option 2).

Proposition 2. Any complete or partial divestiture that turns voting stock
vpo into preferred stock (Option 2) leads to an increase in consumer
surplus.m

Turning voting stock into preferred stock does not completely sepa-
rate the firms: the financial interest is kept at the same level. However,
as far as consumer surplus is concerned, it represents a positive move.
As shown by Lemma 2/, a decrease in vp leads to a decrease in yp;
and this in turn leads to an increase in consumer surplus, as shown in
Lemma 1. Moreover, a decrease in vgg leads to an increase in kgg. This
happens because the independent voting shares vz, now have relatively
greater value. And, by Lemma 2/, an increase in kg leads to a decrease in
V-

Intuitively, the switch from voting stock to preferred stock has two
effects on control: it weakens firm A's control of firm B (the direct effect)
and it also strengthens control by firm B's independent shareholders.

™ Itisalso needed that Y_N_ ; t4, = 1 so thatall of firm A's stock in firm Bis attributed to
relevant shareholders.

Both of these effects lead firm B to place a lower weight on firm A's
profit.

Currently competition policy in the EU and the U.S. seems roughly
consistent with Proposition 2's characterization of the effects of partial
ownership. In the EU, any partial interest that enables the purchaser
to exercise control over the target company is subject to a merger filing.
The same is not true, however, if the acquisition does not change the
degree of control. The U.S. guidelines also make a distinction between
active and passive acquisitions, though they also recognize that even
passive acquisitions may present competitive concerns (Hatton and
Cardwell, 2000).

The following proposition considers the situation in which there is a
divestiture of voting stock vgg that takes place by sale (Options 3, 4).

Proposition 3. A complete divestiture of voting stock vgq that takes place
by sale (Options 3, 4) leads to an increase in consumer surplus.ll

The intuition behind this result is simple. When a complete divestiture
of voting stock takes place by sale, then, after the sale, vgg = wpy = 0.
From Eq. (8), this leads to firm B attributing no weight to firm A's profits,
v = 0. In addition, tgo will decrease by vgoVp, implying that also y, (the
weight given by firm A to firm B's profits) will decrease with the complete
divestiture by sale (Lemma 2).'? Now, since both y, and s decrease with
the operation, Lemma 1 implies that consumer surplus will be enhanced
after a complete divestiture by sale.

It should be noted, however, that the divestiture of a small fraction of
vpo by means of a sale to an infinite number of small shareholders may
lead to a decrease in consumer surplus. In order to illustrate this possi-
bility, consider the following simple example in which (i) all shares are
voting shares, (ii) there are no common shareholders and (iii) f(vi,) = Vin.
Following Singh and Vives (1984) and assuming firm symmetry, let the
representative consumer maximize

1
U(da.G5) = a(ds + ds) — (baa + b3 + 24ad5) —Pads—Psds
where @, b and d are positive parameters, with b > d, and ¢; denotes firm
i's output. This utility function leads to the following linear inverse de-
mand function:

a(b—d)—bp; + dpj
qi = b dz

Assuming that marginal costs are equal to zero, it is straightforward
to obtain normalized equilibrium prices and outputs, which are pre-
sented in Appendix B.

Consumer surplus, if divided by a?/b, can be written as

ok ]
CS" = (Qa -+ Qu)—5 (Q4 + Q5 +2xQ4Q5) —PaQs—P5Qs
where Q; and P; are normalizations of equilibrium quantities and prices
andx =d/b<1.
Now, the divestiture of a small fraction of vgy leads to a decrease in
consumer surplus if

acs’  9Q,

gy B AT
Qp . 0P, aPB
+W30(1 Qp—xQ4—Pp)— avOQA QB>0

12 Recall that with no common shareholders, firm A cares about firm B's profits to the
(precise) extent that it has a financial interest in firm B, ya = tgo, which follows from
Eq. (8).

13 If the sale included all types of stock, and given that we are assuming no commons
shareholders, it would separate firms completely: y, = yg = 0.
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The following figure represents in the (vpo,x) space the area for which
this derivative is positive, for small arbitrary values of k = kgp/ksa. For
each of three arbitrary values of k, the previous condition holds below
the corresponding curve. Appendix B provides the details.

To understand this effect, note that after a divestiture of firm A's
holdings in firm B by means of a sale to an infinite number of small
shareholders, the values of kq4 and kg remain constant.'* From
Eq. (8), we conclude that the only effect in y4 and <yp is through vgg
and tgo — or simply Vg, Since tgg = Vpo given our assumption that all
shares are voting shares.

When v (firm A's share of firm B) decreases with the sale, so does
the value of y, (the weight placed by firm A's management on firm B's
profits). This is fairly intuitive and reflects the first equation in Eq. (8):
the weight given by firm A to firm B's profits is proportional to firm
A's financial interest in firm B. (This is also part of Lemma 2'.)

What is perhaps not as intuitive is that a reduction in v leads to an
increase in the weight given by firm B to firm A's profits. In the limit, sup-
pose that there is an infinite number of infinitesimal shareholders in
firm B, except for firm A, which holds a strictly positive share, i.e. that
kgg is very small. This means that firm A has effective control of firm B,
that is, firm B's objective is effectively firm A's objective. If we now re-
duce firm A's holding in firm B to a low level, then firm A's financial in-
terest in firm B is also reduced. In the limit as this value becomes close to
zero, firm A's interest becomes identified with firm A's profits. Since firm
A has effective control over firm B, it follows that firm B's management
becomes more concerned with firm A's profits, a change that corre-
sponds to an increase in . The areas identified in Fig. 1 illustrate that
the above increasing effect in yg may be sufficiently strong to counteract
the “natural” decreasing effect in y,. Specifically, the condition that k is
sufficiently small implies that firm A's voting share in firm B, v, effec-
tively gives firm A control of firm B.

O'Brien and Salop's (2000) comments on the effects of partial own-
ership echo the possible effects described in this example:

Partial investments can raise either larger or smaller concerns than
complete mergers. This may seem surprising, since partial acquisi-
tion would appear to align the parties' interests less in all cases than
would a complete merger. The competitive effects of partial owner-
ship depend critically on two separate and distinct elements: finan-
cial interest and corporate control. This distinction is absent in
merger analysis, which assumes that the acquiring firm (or person)
automatically controls the acquired entity after the merger. With
partially ownership interests, however, these elements are separa-
ble. They can occur in ways that result in greater or lower harm to
competition than a complete merger. (p. 562)

In fact, re-interpreting Proposition 3 as a result about acquisitions
(that is, changing “signs”), we obtain a situation very much like the
one characterized by O'Brien and Salop's (2000). A full acquisition
may not be as bad as a partial acquisition to the extent that the full
merger does not increase control by much but, by increasing firm A's fi-
nancial interest in firm B, lowers the relative weight that firm B places
on firm A's profits. In other words, as O'Brien and Salop (2000) rightly
point out, the effects of partial ownership depend critically on the bal-
ance between financial interest and corporate control. Notice moreover
that, as suggested by O'Brien and Salop and stressed by Foros et al.
(2010), the above line of argument implies that, under some conditions,
there may be ownership structures worse than a full merger. In other
words, starting from a full merger, the sale of some of firm B's stock
owned by firm A may lead to a decrease in consumer surplus. In our
framework, this corresponds to starting with the case vgg = tgg = 1
and kgg = 0 and considering a small reduction in tgo.

4 In rigor, when some of firm A's voting stock in firm B is sold to infinitesimal share-
holders, there is a scaling effect that changes both kgzp and vg, in the same proportion.
We omit this in the discussion because it has no effect on yz.
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Fig. 1. Consumer surplus effects of the divestiture of a small fraction of vg.

How can one possibly go from full merger to something that is even
worse than full merger? The idea is that when a firm has control over
the prices of two substitutes, it has the incentive to increase one of
them so as to increase the demand for the other one. In so doing, it
will face a trade-off between higher profits in one of the firms and
lower profits in the other one. To the extent that the controlling firm
cares less for the profit of the target firm — because it does not
completely own it — it has incentive to increase prices more than in
the case of a complete merger.

Our final results in this section compare the relative merits, in terms
of consumer surplus, of the four alternative divestiture options under
consideration.

Proposition 4. The induced change in consumer surplus is more favorable
as we move from Option 1 (proportional divestiture) to Option 2 (switch
from voting stock to preferred stock), irrespective of being a complete or
partial divestiture, if and only if

Kgg + Sh
k W] _W2 BB T “BB
AA BO BO ](BB T SﬁB

> + Spa>0.
|

When comparing Option 1 and Option 2, three differences are worth
stressing. First, after a partial divestiture, firm A will retain some influ-
ence over firm B's actions, i.e. firm B will still place some control weight
on firm A's payoff. However, for the same divestiture of voting rights,
this remaining weight will be larger under Option 2: wj, < wZ. The pro-
portional divestiture removes some voting shares and distributes them
to new shareholders, while Option 2 merely eliminates the voting
rights. Given the creation of new shareholders, this reduces the relative
control weight of firm A on firm B more in the case of Option 1. The
lower who and the larger w#, the more likely it is that Option 1 is better
for consumers. Second, the effect on kg also differs across the two op-
tions. In fact, the original shareholders with control and financial inter-
ests in firm B will also be differently affected by the two options. For the
same reason as above, Option 2 leads to larger relative weights because
there are no new shareholders involved. The increase in correlation be-
tween control and financial interest makes firm B's decisions more inde-
pendent from firm A under this option. This independence is beneficial
for consumers but, considering these two effects combined, the first
term in the condition in Proposition 1 can be shown to be negative.
Finally, Option 1 creates common shareholders, i.e. shareholders with
control of firm B who care for firm A's profit, a factor that favors Option
2, in terms of its impact on consumers. This is represented by the term
Ska in the condition above. In case of a complete divestiture, we have
Who = why = 0 and the condition above always holds (in the absence
of common shareholders). Note, in particular, that if financial interest
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in firm A is very diluted, which implies both ks, and Sk close to zero, the
proportional divestiture will lead to the distribution of voting shares in
firm B to a very high number of very small shareholders and, as a result,
the two options would tend to be equivalent in terms of their induced
change in consumer surplus.

Further, if f(vg,) = vgnand >N _ ovgn = > N _ 1ta, = 1, the condi-
tion in Proposition 4 becomes avpy >_N — 1tantan > 0, which always
holds. With this particular weight structure, turning voting shares into
preferred stock is better than distributing shares proportionally both
in the case of a complete and in the case of a partial divestiture (Option
2 is better than Option 1) because the induced effects on vy are differ-
ent.’® The only effect associated with the switch from voting stock to
preferred stock (Option 2) is a reduction in vgo while the proportional
divestiture (Option 1) leads to increases kgg, kga and kap. The two latter
effects correspond to the creation of common shareholders, a situation
that we describe in detail in Section 5. The dominant effect that makes
the proportional divestiture perform worse in terms of impact on con-
sumer surplus is then that this proportional divestiture creates share-
holders with (direct) voting shares in firm B and financial interest in
firm A. In fact, the higher the financial interest a shareholder has in
firm A, the larger the percentage of voting shares that this shareholder
will get with the proportional divestiture of voting stock initially
owned by firm A, and this will lead to an increase in the weight firm B
places in firm A's profit.

Proposition 5. Consider the case of a partial divestiture. The induced
change in consumer surplus is more favorable as we move from Option 3
(sale to small shareholders) to Option 4 (sale to one large shareholder).
In the case of a complete divestiture both options are equivalent in terms
of the induced change in consumer surplus.l

The intuition that Option 4 (sale to one large shareholder) is better
than Option 3 (sale to small shareholders) in the case of a partial dives-
titure is akin to part of Lemma 2/, where we state that s is decreasing in
kgg: the greater the concentration of firm B's shareholdings, the less
weight firm B places on firm A's profits. In the limit, when kgg — O,
firm A's voting share in firm B grants firm A effective control over firm
B, that is, firm B maximizes firm A's profits (assuming that firm A voting
shareholders also have a financial interest in firm A). The difference
between Option 3 and Option 4 is that kzg remains constant under the
former, whereas kgp increases in the latter which, by Lemma 2/, implies
a lower 7y and a higher consumer surplus.

In other words, the contrast between the sale to small shareholders
and the sale to one large shareholder corresponds to the countervailing
effect of shareholder concentration: strong independent shareholders
in firm B have the beneficial effect of counterweighting the negative ef-
fect (from a consumer surplus perspective) of firm A's partial ownership
of firm B. There is an interesting analogy with the countervailing effect
of buyer power in vertical relations (e.g., Dobson and Waterson,
1997). In general, market share concentration is bad for consumer wel-
fare; but to the extent that there already is market power at one level of
the value chain, an increase in concentration at a different level
(e.g., downstream) may be welfare-enhancing.

While we show that a partial sale to one large shareholder is better
than the sale to an infinite number of infinitesimal shareholders, these
are not the only possibilities to consider. In fact, the highest consumer sur-
plus corresponds to a sale pattern that maximizes the post-divestiture
value of kgg. If there is a perfect correlation between control and financial
interest in firm B, this would correspond to selling vgo to the largest inde-
pendent shareholder in firm B.

It should be highlighted that Options 3 and 4 are equivalent in terms
of their impact on consumer surplus in the case of a complete

15 Both options leave y, unchanged. With Option 2, v, does not change by definition. As
for Option 1, vy, is not affected because indirect financial interest is transformed, in the
same proportion, in direct financial interest.

divestiture of voting stock. Given the inexistence of common share-
holders, such divestiture completely separates both firms with the ex-
ception of some remaining financial interest of firm A in firm B. Hence,
after the divestiture, y4 = sgo(1 — Vp) and yg = 0.

Proposition 6. Consider the case of a complete divestiture. Then, the
induced change in consumer surplus is more favorable: (i) as we move
from Option 2 (switch from voting stock to preferred stock) to Option 3
(sale to small shareholders) or to Option 4 (sale to one large shareholder);
(ii) as we move from Option 1 (proportional divestiture) to Option 3 (sale
to small shareholders) or to Option 4 (sale to one large shareholder).m

To understand why a complete sale to infinitesimal shareholders is bet-
ter than turning voting stock into preferred stock (Option 3 is better than
Option 2), it may help to think of a complete sale of vz, to an infinite num-
ber of infinitesimal shareholders (Option 3) as a two-step process: first vgg
is turned into preferred stock (Option 2); and then this preferred stock is
distributed to an infinite number of infinitesimal shareholders. Strictly
speaking, the two steps lead to a different final arrangement than Option
3. However, to the extent that the stock is distributed to infinitesimal share-
holders, it does not matter whether it is voting or preferred stock.

The crucial point is then to understand the impact of the second step
above: transferring preferred stock from firm A to an infinite number of
infinitesimal shareholders. From Eq. (8), a decrease in tpo leads to a
decrease in y,. This makes sense: to the extent that firm A reduces its fi-
nancial interest in firm B, it will place a lower weight on firm B's profit.
Having established that the transfer of tg leads to a lower y4, we must
now add that it has zero effect on yp. This may appear to contradict
Lemma 2’, where we stated that a decrease in tpg leads to an increase
in yg; but in fact such result requires wgo > 0. Since the first step
above leads to vgg = wpo = 0, the subsequent transfer of preferred
stock has no effect on yp. We thus conclude that the second step leads
to a further decrease in y,, which by Lemma 1 corresponds to an in-
crease in consumer surplus, and which finally proves that the complete
sale of vpg leads to a greater increase in consumer surplus than the
switch from voting stock to preferred stock.

A complete proportional divestiture is not as good as the sale to
infinitesimal shareholders essentially because it creates common share-
holders. In the limit case in which firm A's shareholders were infinites-
imal, the two divestitures would have the same effect.

4.1. Transaction costs

As mentioned at the beginning of the section, our results — and in
particular Proposition 6 — do not take into account the transaction
costs involved with each of the options. Turning voting stock into pre-
ferred stock, or transferring the ownership from firm A to firm A's share-
holders, does not require valuing the shares — and does not require any
financial transaction to take place. By contrast, selling shares to a third
party creates a host of potential problems. For example, if the time
frame for the sale is too narrow then there may not be enough market
demand; whereas if the time frame is too wide then the beneficial ef-
fects of divestiture may take too long to take place; and for a given
time frame, potential buyers may delay strategically their purchases.
Moreover, if the Competition Authority is to determine the price at
which the shares are to be sold, then there is the obvious problem of
share valuation.

For all these reasons, our results must be taken with a grain of salt:
While Options 3 and 4 are better than Option 2 in terms of consumer
surplus, the transactions costs they imply may warrant the simpler
option of simply changing the nature of firm A's shares in firm B.

5. Extension: common shareholders

The results in the previous section were based on the assumption
that, initially, no shareholder owns shares of both firms. In some cases
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(including the Portugal Telecom case described in the next section)
there are indeed common shareholders. How does this change the anal-
ysis? In this section, we show that most results remain qualitatively the
same. However, as Lemma 2 and 2’ illustrate, there are additional effects
to consider, on the one hand and the math becomes considerably more
complex, on the other hand.

For each of the Propositions in the previous section, the relevant con-
dition with common shareholders is presented in the corresponding
proofs in Appendix A. In what follows, we discuss the main implications
of introducing common shareholders, for each of the divestiture options
under analysis.

With common shareholders, Option 1, the proportional divestiture,
increases consumer welfare if and only if 5 decreases,'® which occurs
when

Kiss (Ssn + kanAWao ) <K (Szs + kasAWio )-

In other words, whether the proportional divestiture is good or bad
for consumers depends on the interplay between four terms: (1) Kpp,
(2) (Sga + kaadwio), (3) Kpa, and (4) (S + kapAwpo).

Note that the first and third terms are positive, whereas the second
and fourth terms can be either positive or negative.

The first term measures the extent to which, at the outset, the
ownership of voting stock in firm B is correlated with financial
interest in the same firm, i.e., it measures the extent to which share-
holders with the ability to influence firm B's decisions are interested
in firm B's profit.

The second term, which can be written as 3_N — 1 (AWhn + WanAwho)
tan, is positive if those shareholders who will have an increase in their
direct control weight larger than the decrease in the indirect control
weight in firm B, also have a large t4,."”

The third term, is similar to the first one and measures the correla-
tion between shareholders initial direct and indirect voting rights in
firm B and their financial interest in firm A, and thus captures to
which extent voters in firm B are interested in firm A's profit.

Finally, the fourth term, > N _ {(Awk, + WanAWlo)tg,, is positive if
those shareholders who will have an increase in their direct control
weight larger than the decrease in indirect control weight in firm B
also have a high financial interest in firm B, tg,.

If the second term is positive and the fourth term is negative, then
the condition for consumer welfare to increase is never verified. This
happens because if the shareholders to whom firm B will attribute a
larger weight care a lot for firm A's profit and a little for firm B's profit,
then they will instruct firm B to give a higher weight to firm A's profit.
As a result, yp will increase and consumers will be worse off.

If the second term is negative and the fourth term is positive, then
exactly the opposite effects take place and the condition for consumer
welfare to increase is trivially satisfied.

If the second and fourth terms have the same sign, say, are both pos-
itive, then the condition for consumer welfare to increase depends on
their magnitude and also on the magnitude of the first and third
terms. Note, however, that if, at the outset, direct and indirect voters
in firm B cared more for firm A's profits than for firm B's profit, i.e,, if,
at the outset, the first term is smaller than the third one, then it is less
likely that the divestiture will impact consumers negatively because
firm B already placed a large weight on firm A's profit at the outset.

As for the impact of the existence of common shareholders on Op-
tion 2 (removing the voting rights associated with vpg), recall that
such operation increases the degree of control by firm B's shareholders.
In particular, by merely eliminating control rights ( previously owned by
firm A), this option leverages up the control power which is exercised
by private shareholders. This in turn leads to an increase in kg,, an effect

16 Recall that vy, is not affected by a proportional divestiture (see Proposition 1).
7 Note that the change in direct control weight is given by Aw}, which is mitigated by
the reduction in indirect control weight, wa,Awgg < 0.

not considered in our previous analysis (ksp in turn remains constant,
whereas kgg increases and k4 remains constant, as considered before).
To the extent that kas kgg > kpa kap, the effect on yp of this divestiture
is still negative as before. However, the effect turns out to be lower in
absolute value.

Finally, it should be noted that when common shareholders exist the
complete sale option (for instance, Option 3, the sale to an infinite
number of small shareholders) may no longer have a positive effect
on consumer surplus. In fact, although, as before, 7y, decreases
inequivocally (because of the decrease in tgo) the change in ‘s has the
same sign of

—Wpo(Kaakpp —Kagkpa) + S?aA(kBB + WpoKap) ;S§B(’<BA + Wpokaa)+
+ Vo (SBA + kBA) (Kga + Wpokaa)

which has an uncertain sign, if k3, = kga + S3a is positive (otherwise, it
is negative if kaa kpp > kpa kag). The reason is, as before, that such sale re-
duces tpp and vpo, whose induced effects on "y go in opposite directions.
A positive k34 means that firm B will still care for firm A's profit even if
firm A loses its control shares in firm B. As the loss in control implies a
loss in financial interest, firm A's aggregate profits, which accrue to
shareholders who have control in firm B, will include a lower percent-
age of firm B's profit. Hence, firm B will place a larger weight on firm
A's profit and a lower weight on its own profit.

6. Application: PT and PTM

As the starting paragraph in the paper suggests, the questions we
examine are not of pure intellectual interest; they also correspond to ac-
tual situations where concrete regulatory decisions need to be made. In
this section, we consider a retrospective application of our framework:
the divestiture of Portugal Telecom's, Portugal's largest telecommunica-
tions operator, holdings in PTM. Until November 2007 Portugal Telecom
(PT) held a 58% share of PT Multimedia (PTM). The two firms operated
in several markets as the two main “competitors” (sometimes the sole
competitors). Under pressure from the Portuguese government, PT
agreed to divest its shares in PTM. PT management's proposal was
then to divest its share in PTM to PT's shareholders, in proportion to
their holdings.

Table 1 lists the main shareholders in PT and PTM before the dives-
titure. As can be seen, there were a few relatively large shareholders.
Moreover, aside from the fact that PT owned a share in PTM, there
was a significant overlap in ownership of both firms. In fact, three of
the four larger shareholders in PTM, excluding PT, also owned a

Table 1

Large shareholders in PT and PTM (as of May 2006).
Shareholder Shares Voting rights

PT PTM PT PTM

PT - 58.43% - 10.00%
PTM 0.00% - 0.00% -
Telefénica 9.96% 0.00% 9.96% 0.00%
Grupo Espirito Santo 7.77% 6.96% 7.77% 6.96%
Brandes Investments Partners 7.41% 0.00% 741% 0.00%
Ongoing Strategy Investments 5.35% 0.00% 5.35% 0.00%
Grupo Caixa Geral de Depdsitos 511% 11.26% 511% 10.00%
Telmex 3.41% 0.00% 341% 0.00%
Paulson Co. Inc. 0.00% 2.34% 0.00% 2.34%
Merrill Lynch International 2.20% 0.00% 2.20% 0.00%
Fidelity 2.09% 0.00% 2.09% 0.00%
Grupo Barclays 2.06% 0.00% 2.06% 0.00%
Capital Group Companies 2.04% 0.00% 2.04% 0.00%
Grupo Visabeira 2.01% 0.00% 2.01% 0.00%
Controlinveste/Joaquim Oliveira 2.00% 3.77% 2.00% 3.77%
Grupo BPI 0.00% 5.16% 0.00% 5.16%
Cofina. SGPS. S.A. 0.00% 2.23% 0.00% 2.23%
Total 53.75% 29.38% 53.75% 28.12%
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Fig. 2. PT and PTM shareholder structure and corresponding common shareholders.

significant percentage of shares in PT. Fig. 2 presents the shareholder
structure of both firms and identifies the shareholders present in both
firms at the time.

In Section 2, we assumed the weight attributed by each firm (in its
objective function) to a given shareholder is given by a function of the
shareholder's percentage of voting shares, that is, v;,. Now, an important
remark that should be made at this point is that, according to PTM's stat-
utes at the time, voting rights were capped at 10%. This means that a
shareholder owning more than 10% of PTM's shares was only entitled
to 10% of the votes.

In what follows we consider as alternatives the four options consid-
ered in the previous section, namely:

1. Transfer of PT's share in PTM to PT's shareholders in proportion to
their initial shares in PT. This was the option proposed by PT and
actually implemented.

2. Change of PT's share in PTM from voting stock to preferred stock.

Table 2
Effect of various forms of divestiture, assuming no common shareholders before the
divestiture, with f(viy) = (vin).

Base case Option 1 Option 2 Option 3 Option 4

z=1

kaa 0.058 0.058 0.058 0.058 0.058
kag 0.000 0.034 0.000 0.000 0.000
kga 0.000 0.031 0.000 0.000 0.000
kg 0.054 0.053 0.074 0.074 0.208
Wpgo 0.262 0.000 0.000 0.000 0.000
tgo 0.584 0.000 0.584 0.000 0.000
Ya 0.584 0.584 0.584 0.000 0.000
Vs 0.241 0.582 0.000 0.000 0.000
z=2

kaa 0.072 0.072 0.072 0.072 0.072
kap 0.000 0.042 0.000 0.000 0.000
kpa 0.000 0.026 0.000 0.000 0.000
kg 0.057 0.070 0.086 0.086 0.255
Wpgo 0.340 0.000 0.000 0.000 0.000
tgo 0.584 0.000 0.584 0.000 0.000
Ya 0.584 0.584 0.584 0.000 0.000
Vs 0.346 0.364 0.000 0.000 0.000
z=3

kaa 0.081 0.081 0.081 0.081 0.081
kap 0.000 0.047 0.000 0.000 0.000
kga 0.000 0.018 0.000 0.000 0.000
kg 0.057 0.084 0.094 0.094 0.287
Wpgo 0.394 0.000 0.000 0.000 0.000
tgo 0.584 0.000 0.584 0.000 0.000
Ya 0.584 0.584 0.584 0.000 0.000
7 0.420 0.219 0.000 0.000 0.000

Table 3
Effect of various forms of divestiture, assuming common shareholders before the
divestiture, with f(vy,) = (vin)%

Base Case Option 1 Option 2 Option 3 Option 4

z=1

kaa 0.058 0.058 0.058 0.058 0.058
kag 0.022 0.056 0.022 0.022 0.022
kga 0.030 0.049 0.040 0.040 0.030
kg 0.054 0.071 0.074 0.074 0.208
Wgo 0.262 0.000 0.000 0.000 0.000
tso 0.584 0.000 0.584 0.000 0.000
Ya 0.966 0.966 0.966 0.382 0.382
Y& 0.519 0.689 0.413 0.545 0.142
z=2

kaa 0.072 0.072 0.072 0.072 0.072
kag 0.023 0.066 0.023 0.023 0.023
kga 0.031 0.057 0.047 0.047 0.031
kg 0.057 0.096 0.086 0.086 0.255
Wgo 0.340 0.000 0.000 0.000 0.000
tgo 0.584 0.000 0.584 0.000 0.000
Ya 0.908 0.908 0.908 0.323 0.323
Y 0.574 0.599 0.416 0.550 0.122
z=3

kaa 0.081 0.081 0.081 0.081 0.081
kag 0.021 0.069 0.021 0.021 0.021
kga 0.031 0.061 0.051 0.051 0.031
kg 0.057 0.110 0.094 0.094 0.287
Wgo 0.39%4 0.000 0.000 0.000 0.000
tgo 0.584 0.000 0.584 0.000 0.000
Ya 0.847 0.847 0.847 0.262 0.262
Y8 0.613 0.554 0.410 0.539 0.107

3. Sale of PT's share in PTM to small shareholders different from the
current shareholders.
4. Sale of PT's share in PTM to a new large shareholder.

In this application, we assume f(v;;,) = (v;,)? and consider three al-
ternative arbitrary values for z : z = 1; z = 2 and z = 3. Further, we de-
note PT by firm A and PTM by firm B. In all cases, PTM holds no share in
PT, that is, tyo = 0. Our focus is on the value of tg, positive in the initial
situation and zero in all other scenarios. Specifically, we proceed as fol-
lows. For each scenario, we compute the values of tgo, Vo, Kaa, ksp, kap
and kga. These values, together with the corresponding y, and vy for
the three alternative values of z, are presented in Tables 2 and 3.
Table 2 assumes initially that there are no common shareholders,
while Table 3 uses the shareholder structure presented in Table 1.

As most of PT's shareholders would own a share in PTM below 10%
after the proportional divestiture one can consider the proposed opera-
tion (Option 1) as a two-step operation. In a first step, the legal caps on
voting rights are removed and, in a second step, the shares are distribut-
ed to PT's shareholders in proportion to their initial shares in PT. The
first step corresponds to turning some non-voting shares (those corre-
sponding to holdings in excess of 10%) into voting shares. From
Proposition 2, this has a negative effect on consumer welfare. The sec-
ond step is neutral in terms of consumer welfare when z = 1. As
discussed after Proposition 1, if there is only one type of shares and if
shareholder weights are equal to their percentage of voting stock, the
proportional divestiture merely turns indirect holdings into direct
ones.'® Hence, if a shareholder's weight is given by its voting rights,
then PT's proposal (Option 1) actually decreases consumer welfare, pro-
vided that z is not much higher than 1. This can be seen at the bottom of

18 To be rigorous, the legal caps are not completely removed. This happens because one
of the shareholders exceeds the 10% cap before the divestiture and another one exceeds it
afterwards. The percentage of shares above 10% corresponds to only 5.75%. Therefore, the
ensuing proportional distribution of shares is not completely neutral. The difference, how-
ever, is quite small. Moreover, proposition 1 is only neutral if >N — ovg, = > N 1tan =1,
which does not hold in this example due to the inexistence of information about small
shareholders.
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each panel in Table 2, where the estimated values for the *y's are report-
ed. The reason for this is that, because of legal caps on voting rights, PT's
voting rights in PTM (in the initial situation) are considerably lower
than its shareholdings. Now, by transferring PT's shares in PTM to PT's
large shareholders, PT is actually increasing the concentration of voting
rights in PTM, since the shares it transfers correspond to greater voting
rights than in the initial situation. In other words, by relinquishing 1% of
voting rights, PT is increasing PT's shareholders' voting rights by more
than 1%. However, when z is sufficiently large (in Table 2, when z = 3),
Option 1 may lead to a reduction in ‘ys. The reason for this is that with a
sufficiently convex f (.) function, the distribution of voting stock among
its own shareholders leads to a reduction in the (aggregate) weight
given by firm B (PTM) to shareholders with financial interests in firm A
(PT). Table 2 also illustrates the findings of Propositions 3 and 4. Without
common shareholders, any of the sale options completely separates the
firms and brings both y,4 and 'y down to zero. Finally, Option 2 has no ef-
fect on y4 and also brings 3 to zero. In fact, in the absence of common
shareholders, the removal of firm B voting rights in firm A (either by
sale or simply by converting this shares into preferred stock) makes
firm B completely immune to the influence of any shareholders with fi-
nancial interests in firm A and, hence, firm B will give no weight to its
competitor, i.e. yg becomes equal to zero in Options 2, 3 and 4.

Table 3 presents the same information but with common share-
holders. The main qualitative difference is the fact that the sale to infini-
tesimal shareholders may have a negative effect on consumer surplus,
as the two weights, 'y, and "y, move in opposite directions, as mentioned
at the end of Section 5. A complete sale reduces both vgg and tgg to zero
and ends any (indirect) control firm A's shareholders might have in
firm B. However, given that some shareholders own stock in both firms,
there will subsist shareholders with some (direct) control over firm B
that also have a financial interest in firm A and that now care less for
firm B's operational profit. Recall that after the divestiture, firm A's aggre-
gate profit no longer depends on firm B's operational profit because the
sale put an end to firm A's financial interest in firm B. Hence, these share-
holders will instruct firm B to attribute a higher weight to firm A's profit.

The remaining alternatives confirm the expectations from
Propositions 4, 5 and 6, which were obtained for the case of no common
shareholders and therefore do not directly apply to Table 3. Namely that
Option 4 is better than Option 3, and that Option 2 is better than Option
1 (the option actually implemented). As mentioned above, we should
qualify this assertion by recognizing that the transactions costs of each
option might differ. In particular, one advantage of Options 1 and 2 is
that they do not require a market sale, with all the transactions costs
this may imply.

7. Conclusion

We provided a series of necessary and sufficient conditions that
allow us to rank alternative options for divestiture of firm A's holdings
in firm B. Overall, three robust ideas stand out from our results: First, a
participation that induces control is more damaging to consumer
welfare than a passive participation (though both decrease consumer
surplus). Second, the “proportional” method (which has been used in
recent divestiture arrangements) generally performs worse than turn-
ing voting stock into preferred stock or selling shares to a third party.
Third, the concentration of control among independent shareholders
in the target firm is beneficial from a consumer surplus point of view
(the “countervailing” effect).

Appendix A

Proof of Lemma 1. Firm i's first-order condition is given by

om; om;
f(Pi»Pj%Yi»Vj) :a—p;‘i'%a—pj =0

Since 0m;/dp; > 0, it follows that df(p;, pj; v 7V;)/0y: > 0. Since
moreover 0%w;/dpdp; = 0*m;/0p:dp; + 7v:0°m;/0pdp; > O, standard
supermodularity results (e.g., Theorems 2.3 in Vives, 2000) imply that
equilibrium prices are increasing in <y;. Finally, since consumer surplus
is decreasing in prices the result follows.H

Proof of Lemma 2. Taking derivatives and simplifying, we get

0y _ Kgp -0
0Kpy 2
BA  (Kpg + Kpatpo)
0y Kpa <0
0Kpp 2
BB (Kpp + Kpatpo)
% JE—— ¢< 0
Otpy  (Kgp + Kpatpo)?
0Y4
Y _q
Oty -0
0Ya _ 1
Kys  Knn
% - — @ <0.
0K K3,
]

Proof of Lemma 2’. Taking derivatives and simplifying, we get

% _ (kga + WBOkAA>2 <0

Otgo (keg -+ Wpo (Kag + taokaa) + taokga)’
% _ (knaksp—kapksa) wpgy
Vo (Kyg -+ Wio (Kap + taokaa) + taokes)” 0Veo
% _ % _ (kgg + Wpokag)Wpo -0
Okyy  P00kg, 2

AA A (kgg + Wpo(Kag + tgokaa) + tgokpa)

%:L%: _ (kga + Wpokaa) <0
akBB WBO akAB (kBB + WBO (kAB + tBOkAA) + tgokBA)z
and

0Ys _

?BO =1>0

dy, 1

Bwgo Kn

0Ya kag
A TAB o

Oy~ 12, =
|

In the proofs of all propositions, 0 = 0,1,2,3,4 denotes the value taken
by the relevant variables after divestiture o took place. The superscript 0
referring to the baseline case is omitted. Additionally, Ax° := x° — x. In all
proofs, we start with the most complex case (general weight function for
Wi, With common shareholders), then present the case of the general
weight function for w;,, without common shareholders and, finally, the
corresponding expression for the case of f(vi;) = V.

It should be noted that under all divestiture options considered,
there are no changes in the distribution of firm A's shares, so ta, = tan,
Van = Van and w3, = Wy, for 0=1,2,3,4. Hence, K44 = kan = kas. With
the exception of the proportional divestiture (Option 1) there are also
no changes in tg, for the original shareholders. Hence, Kz = kig = kap
foro = 2,3,4.

Given Lemma 1, the effects of the different divestiture options on
consumer surplus depend on their effects on the weights each firm
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places on its competitor. Under Option o = 0,1,...,4, the weights are
given by

Ya :fgo*‘@- 9)

K%
'Yg = K u

— 0 10
s + Kgatgo (10)

and the variation in the weights as one moves from Option o’ to Option
o is given by:

: COK9—KS,
Ya—Ya = tao—tp0 + = (1)
AA

Kb B
= R (12)
Kbs + Kgatho K3y + K3ty

Ye—s

In the proofs below, we only need to know the sign ofyfg—y;{ and
‘y,‘;—*yg’. The sign of the latter is given by

sign (73_3’;; ) = sign (K(I;BKZA_KZBKZA + KpaKpa (tgo_tgo»- (13)

Proof of Proposition 1. Assume a fraction o, o < 1, is being divested of
both vpo and tgo. With the divestiture, shares are distributed among the
shareholders of the parent company, firm A, in proportion to their hold-
ings, ta,, and we have:

1
tl%n = tpy + Qlpolay
Vg = Vpn + QVpolap-

As aresult of these changes there will be a variation in the weights given
by firm B to each private shareholder n = 1, ..., N. This variation is given by

AWl]3n = W113n —Wpg,
_ S (Ve + QVpotan) o S (V)
SN F (Vg + Qgolay) + F(1—=)vge) > f(vey) + f(Vio)-

Note that for some shareholders this variation may be positive while,
for others, it may be negative. In general, the denominator of wg, may
either increase or decrease and the numerator increases only for those
shareholders with t, > 0.

As for firm A:

AWtI;o = W1130_WBO
_ F((A—a)vg) _ f(Vgo) <0
Zlef(vgn + aggta,) + f((1—)vg) Z'::lf(an) + f(Vio)

After the divestiture, we have:

N N
1 11
kg =D Wantsn = D Wan(Lan + Qlpotan) = Kkap + Cttpokan

n=1 n=1
1 N u 1 Ny 1
Kea =D Wentan = (WBn + AWBn) tan = Kga + Y AWpytay = Kga + Spa
n=1 n=1 n=1

N N
1 11 1 1 1
kgg = ZWBntBn = Z(WBn + AWBn) (tgn + Qttpotan) = kpg + Spg + ity (kBA + SBA)

n=1 n=1

Hence,

K}‘B = k}w = kyp + Qtgokas = Kyp + Qttpokas
Kps = kja + Wiokha = Kga + Sta + Waokas + AWpokas = Kga + Spa + AWpokaa
Kig = ki + Waokag = kgg + Sz + ttgo (kg + Stle) + Wo(kag + tfgoka)

= Kgp + it (KBA +Spa+ AwéokMg + Spg + AWpokap.

Inserting these expressions into Egs. (11) and (13) we obtain:

Kis—Kgp

1 1 Kyp + atpoKan—K,
Ya—Ya = tpo—lpo +W = (1—Q)tgy—tyy + ~AB——B0=A_ZAB _

Kun
sign (7,13—73) = sign (I(BB (S,ISA + Aw}mk,m) —Kga (S};B + Aw,lsokAB)) .

0

Therefore, Option 1 does not lead to any change in y4 and it leads to a
reduction in yp if and only if

Kpp (5113,4 + AWI130’<AA) —Kpy (51133 + AW};O"AB) <0. (14)

With no-common shareholders we have kyg = kga = 0, Kgg = kg
and K4 = wpokaa. Denote by N; the original set of firm i's shareholders,
with Ny N Ng = @. For firm A's original shareholders, i.e. for n € Ny, we
have:

flavgotan)

ZHENA flowgotan) + Z,,ENB f(Ven) + fF((1—a)vpo)

1
Awg, =

—0>0,

from where we have Si4 > 0.
As for firm B's original shareholders, i.e. for n € N, we have

f(Ven)
ZHENAf(aVBOtAn) + Z"ENEf(VBn) + f(1=a)vg)
_ f(VBn)
SN F(Vea) + f(Vio)

Aw}g,1 =

>0

which implies S}z > 0.
In case of no common shareholders, Eq. (14) becomes

Kes (S;A + AW,1301<AA> —WpokaaShs<0. (15)

Finally, if f(vin) = vipand YN _ qvg, = >N _ 1tan = 1, we have

1—-a), V,
Awy = N ( VVno = = —Qpy
Zn:1 (Vgn + QVpotan) + (1—0)vpg anlan +Vgo
Qv
Aw, = Bo-An = QVpolan

N
> 1 (Ven + Qpotan) + (1—@)vge

N N
1 1
Spa = ZAWBntAn = O‘VBOZ Cantan

n=1 n=1
1 N N
Sgp = Z Awg,tp, = O‘VBOZ tantpn =0
n=1 n=1

and Eq. (15) becomes

M=

(tAnv ] VAn)tAn< 0.
1

=
I

Proof of Proposition 2. Assume that a percentage o, a < 1, of voting
stock vpg is turned into preferred stock. As a result of the switch
from voting stock to preferred stock, shareholder n owning a
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percentage of voting stock vz, now owns a larger percentage, name-
ly vgn/(1 — awvpg). However, tg, and tgo remain unchanged. Hence,
after the divestiture:

Vin = Ven/(1=aV0)
Vo = (1—0)vpy/(1—aevg).

As a result of these changes there will be a variation in the
weights given by firm B to each shareholder. This variation is given
by

AWE, = f(ven/(1—avgy))
SN (Vg /(1 —awvgg)) + F((1—t)vge/(1—avgy))
_ f(VBn)
SN F(a) + f (Vo)
_ f(an) _ f(an) >0
SN Fe) + F(1=vg) S f(vg) + f(Vgo)
As for firm A:
AWy = F(1—a)vgy /(1—avgy)) S (vgo)

SV F (V) (1= apg)) + F(1—)Vgo/(1—Vpe)) S (V) + f (Vo)
_ F(1—a)vg) _ f(vgo)
SN F )+ F(A—)vgg) SN F(Vgy) + f(Vao)

<0,

where we have made use of the property:

f(0vin) /F(OViy)-

Thus, we have

f(vin)/f(vin') =

N N
2 2 .2 2 2
Koa =D Wanlan = (WBn + AWBn) tan = Kpa + Spa
n=1

n=1

N N
2 2 2 2 2
Keg = Y Whntpn = Z(WBn + AWBn)an = kgp + Spg

n=1 n=1

with S%4 and Sz non-negative. Hence,

1<§A = kéA + w§01<§A = kg + sﬁZA + wﬁoggm = Kga + Spa + AWK s
Kig = kig + Wpokag = Kpg + Sgg + AWgoK g

and Eqgs. (11) and (13) become, respectively:

Kaz—Kaug Kag—Knp _
K

AA
sign ('Y?; —'YB> = sign <KBBK123A —KipKpa + KgaKa (tBO - féo) )

. 2 2
= sign (K 5K pa _KBBKBA> :

2 2
Ya—Ya = tgo—lpo + =tpp—lpo + 0

Therefore, Option 2 does not lead to any change in y4 and it leads to a
reduction in yp if and only if

KgsKa—Kp5Kpa< 0= Kpgkpn —ksakas>0.
|

Proof of Proposition 3. After a complete divestiture of voting stock we
will have viy = w3y = Vo = Wi = 0in both Options 3 and 4. There will
also be a decrease in tzg equal to vgoVs, i.e., tho = tho = tso — VoV

In Option 3 we will have:

AWl = f(Ven) _ f(Vgn) -0
SN FWe) +0+£0) D f(Vey) + f(vao)
AWy = —wgo = W) <0

NS

and

N N
3 3 3 3 3
Kea = > Wpntan = Z(Wsn + AWBn) tan = kpa + Sga

n=1

n=1

N N
3 3.3 3 3
kg = ZWanBn = Z(WBn + AWBn)an = kgp + Sgp
n=1

n=1

where S34 and S35 are non-negative. Hence,

3 3 3.3 3 3 3
K%A = kgf‘ + w,gok/éA =kga + SgA =Kps + 55/‘ + AwgokM
Kgg = Kkgg +Wpokag = Kgg + Sgg = Kigg + Sgg + AwWpokag

and Eq. (11) becomes

3 3 Kas—Kag
Ya—Ya = tpo—lpo + T Ky (tpo—VpoVp) —tpo +

= —VpVp

K AB KAB
K

while Eq. (13) becomes

. 3 . 3 .3 3
sign (VB —73) = sign (K 88Kea—KppKpa + KpaKpa(tg0— (to—Vio VB)))
. 3 3 3 3
= sign (K BB (SBA + Awpgg kAA) —Kpa (SBB + AWBOkAB) +
3 3
+ K (Kia + Sga + AWaokaa ) VoV ).

Given that this is a complete divestiture we have Aw3y = — wgo and

sign (7[3?_73) = sign(Kpg <_WBOkAA + SgA) - (_WBOkAB + Sgs) Kpa+
+ Kpa (K Ba—WaoKaa + 5§A> VpoVp)
= sign(wpgg (IgBAkAB —Kpgkaa) + KBBS£3§A _KBA51333+
+ (kBA + SBA>KBAVB0VB)'

This is negative if and only if

_WBO(kAAi(BB_kABkBA) + 5133A(kBB + WBOkAB)_SgB(kBA + Wpokaa)+ (16)
+VpVpo (SBA + kBA) (Kga + Wpokas) <0

In the absence of common shareholders ks = kgs = Sga = 0 and
Eq. (16) becomes

—KaaWgo (kBB + 533) <0

which is always true.

In Option 4 there will be a new shareholder, shareholder N + 1,
which will take the role of firm A. Hence, Aw, = 0 for the N original
shareholders and Awiy + 1 = Wpgo > 0. This will only affect kgg which
becomes:

N+1 N
4 4 4 4
kgp = ZWBntBn = Z (Wpn + 0)t, + (0 + AWBN+1>tBN+1 = kgp -+ WpoVpoVp.
n=1 n=1

Thus,

4 4 4 4
KgA = kgA + WEOkQA = kgA = Kkgp
K‘l;B = kpg + Wiokap = Kgg = kg + WV V.

Hence, Egs. (11) and (13) become

Kis—Kus

4 4 Ka—K
Ya=Ya=ltpo—lgo +—f— = (tso—VpoV) —tro +7A£}< 48 —
A

= —VgVp

sign (“/3*73) = sign (KBBKgA —KiggKps + KBAK;}A(tBU*(fBU*VBoVB)»

= sign(—wpo (kaakps—Kapkpa) + (kga + Wpokaa) (Kza—Wpo)V5oVp)-
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In the absence of common shareholders, kys = kzs = Sia = 0 and
. 4
sign (‘YB"YB) = —Wpokaa (kg + VpvpoWpo) <O0.
|

Proof of Proposition 4. From Lemma 2, Option 2 is better than Option
1 if the two following conditions hold:

2 1
MSO (17)
Ky

Ya—Ya = tho—tg +
sign(vs—7s) = sign (KisKia—KesKia + KiaKia (tho— 50 ) ) <0. (18)

Using the expressions for Kj; presented in the Proofs of Propositions 1
and 2 we have
Kap— (Kap + 0ttpoKya)
K

Ya—Ya = too—(1—Q)tg + =0

and

sign(vs—vs) =

sign ( <KBB +Spp+ AW;OKAB) (KBA 4 Sea+ AwﬁOKM) -
(KBB + 51233 + AW1230KA3> (KBA + SzlsA + AWllaoKAA) )-

In the particular case of no-common shareholders we have Kpz =
kg, Ksa = Waokaa and Kap = kap = Sga = O:

. . kgg + Sh
sign (75—713) = sign LQBW??O WBO kas _Stlm .
kgg + Sgg

We now show that the first term is positive, or that

1 2 1
Kgg + Sgg - kgp + Sgs - Wgo < WZBo
1 2 N 1 N 2 "
Wpgo Whgo 2 ntWatgn 2 no1Winlpn

This is equivalent to
S(1—a)vyg)

Z,, 1 (VB + avgota) + f((1—)vg) Zn 1f(vga) + f(1—a)vgy)

. Do f (Ve + Vo tan )ty S F (V) )

znzlf(an + aVpoltan) + f((1—Q)vpo) Zn:1f Vi) + f(1—)vg)

J(A=e)vg)

After simplifying we obtain
N N
> V) te<Y  f(Ven + Vot pn )ty
n=1 n=1

which is always true.
Finally, if f(vin) = vinand >N _ g vgn = > N _ 1 tan = 1, we have

1

Awgy = —Qwpg
i

Awg, = aNtAnVBO

N
1 1
Spg = ZAWBntBn = avBOZtAntBn =0

n=1 n=1
and
A éo — Yoo~ Mo BO
, 1 ;ozv,;O
B
AWBn = ]—OanBO Bn

Therefore,

. 2 1 . kgg +Sts 2 ] 1 . 1
sign (’YB*'YB) = sign ( <kBB+S§BWBOWBO kan—Sga = Slgn(*SBA)< 0.

Proof of Proposition 5. After a partial divestiture of voting stock we
will have v3g = vy = (1 — @)vgo in both Options 3 and 4. There will
also be a decrease in tz equal to vV, i.e., i = tho = tgo — QWpoVs.

In Option 3 we will have:

AW?;” _ f(an) f(VBn> >0
SV F(Va) + 0+ f(1—Vg) S (Vi) + f(Vio)
Awgo f((A—a)vg) f(vgg) <0

N
Zn 1 f(Ven) + 0+ f(1—)vgg) anof(VBn)
and k34, kig, K34 and K3z have the same expressions as in the proof of
Proposition 3, with S3, and S35 non-negative.
In Option 4 there will be a new shareholder, shareholder N + 1,
and:

Awén = f(Vsn) _ f(vgy) -0
SN F V) + flavgy) + F(1—a)vgg) D f(vgy)
AWgy.1 = Javy) —0>0
N TSI )+ f(avi) + (1= vg0)
Awh = f((1—a)vg) f(vgo) <0
" 21::] f(VBn +f ONBO +f 1-« VB() Zn Of VBn
and

Ksp = ZWBntAn = Z (WBn + Awgn)tAn + (0 + AWgy,1)0 = ks + Spa

n=1

N
4
Kiyg = E Wianlhn = E (WBn + AWBn>tBn + (0+ Awpy, 1) tpni
n=1

n=1
4
= kpg + SgB + Wpniq 0Vgo Vg

with Sg4 > 0.
Hence,

K%}A = k;iA + W:%OkgA =Ky + 5‘,3,4 + Aw§okM
Kig = kg + Wpokap = Kpg + 523 + Awggkyp +2
with z = O(WE}N_,_ 1VpoVp.

Using the expressions for the K's presented above, we have

3 a4 3 a4 Kp—K;
Ya—Ya =tgo—lpo + Al;< -0

and

sign(¥a—"s ) = sign (K3sKaa—KasKin + K5aKaa (50— tho ) )
= sign (K‘éBKiA —K ??BK‘;A>
= sign((KBB + 533 + AwgokAB + z) (KBA + SﬁA + Awf;okAA)
- (KBB +Sap + AWLB?OkAB) (KBA +Spa+ AW;O"AA)) :

Without common shareholders we have kag = kga = Sga = Sia = 0
and, as long as it is not a complete sale:
—1> > 0.

3
kgg +S§B+Z@

. 3 4 .
Sl - = SI
gn (73 ’YB) gn < kBB + 5‘333 vao
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We now show that

4
kg + Spp + 2 - Wgo
3 3 -
kg +Sgp Wi

By definition, this is equivalent to

N é 4
=1 Whnlpn z_ _We
N 3 373

> Wentpn kpg +Sgg - Wig

ZL S (VBa)toa
Do S an) + () + (- vi) | 2

S((1—a)vgy)

N SV F(Vgn) + F(agg) + F(1— ). Vgo) -

SN F W)t kgp + 533 . Tli—ave)
S F(Van) + 0+ F(T—)vao) Dy [ Ven) + 0+ f(1—)vgy)
z
3
kgp + Sgg

which is always true.
In case of a complete sale, i.e., Awgy = Aw3y =
common shareholders, one can show that sign(ys —

— Wpgo, even with
¥4) > 0:
(K 55 -+ AWgoka + Sps + Z> (K 5 -+ AWgokay + 5§A> -
— (Kss + AWaokas + Sz ) (Ka + AWgokas + i
= (kBB +Spp + z) (ke +Saa) = (kBB +Ss) (kBA + S‘B}A) > 0.

In fact, j:5 >kt ey

? kep k,,,,+s’ﬁ kpa+Spa

N 4
N4
Z 1 Whn Cgn z__o Z":1 Whnlan
+ kgp + S; ZN Wit e
Zn 1 WB"[B" BB OB n—1 Whnlan

1 f Vet 4):‘_&&;
o f(h) Ef(avﬂu )+ f((A— =) |z >En o) ) [ (=) which is always
1S (V) S .
21 f(Vpa) + 0+ F(( 1 —a)vg) = ‘/uﬁ —0+/¢1 —avy)

true.H

Proof of Proposition 6. After a partial divestiture of voting stock we
will have v3p = (1 — a)vgo and t3y = tgo — avgoV; under Option 3
and vy = (1 — a)vgo/(1 — ago) and ty = tzo under Option 2.

Before proceeding, note that

lein _ f(%) _ f(VBn> _ ;n
Z:—l f<1 —vgz"vxu> f( a VBO) Z{Ll T O =so)

Wh = HED _ F((1=0)vgo) W
oS <17a> o ( = i)v"”) DS ) 0 (10

which implies Awg, = Awzo, S3s = Sip and S, = Sia.
From Egs. (11) and (13) we have:

Kaz—Kog

2 3 2 3
Ya—Ya = tgo—lpo + = avgy V>0 (21)
Kun

and

: 2 .3 ; 3,2 2 13 3,2 (3 2
sign ('YB _73> = Sign (KBBKBA —KppKps + KpaKpa (fBO _tBO) )
2
= — (Kga + AWagkas + Sga) " (@vgoV'p) 0.

In case of a complete divestiture, we have (Kga + AWzgkaa + S2a)? =
(Kza — Waokaa + Sta)* = (ksa + Sia)>

Assuming no common shareholders, this is 0 and vz — vz = 0:
Option 3 is better for consumers because it leads to a lower 7y,. Other-
wise, the weights each firm places on its rival always move in opposite
directions.

Finally, after Option 1, we will have v}y = (1 — a)vpo and thy =

(1 — a)tgo.

143
Kap—Kap

1 1
Ya—Ya=1too~lho + =gy Vp (22)
AA

and

sign (Y:la —Vg) = sign (KgEKllsA —KigKpa + KiaK3a0t(tgo _VBVBO))
= sign((I(BB + AwgokAB + S;B) (KBA + S};A + AW};OkAA) +
1 1 3 3
— (Ko + S + Awiokas ) (Kos + AWaokas + g ) +

- (KBA + AW?ZOkAA + SgA) (KBA + stle + AW:?OkAA)a(tBO —VpVp))-

In the case of a complete divestiture Awzq = Awpy = — Wgo and this
expression becomes:

sign < (kBB + SgB) (kBA + Sll3A> - (kBB + 51133> (kBA + 513;A> - (kBA + SgA)
x (kBA + 5113A>a(t30 —Vpvpo))-

If there are no common shareholders, we have kg4 = S3x = 0 and
this simplifies to

(kBB + SgB)SL]?A> 0.
|

Appendix B

Following Singh and Vives (1984) and assuming firm symmetry, let
the representative consumer maximize

1
a(ds + G5) 5 (Ddh + b + 2ddads ) —Pads—Psds

with b > d. This utility function leads to the following linear inverse de-
mand functions:

pa =a—bg,—dqg
pp = a—bqg—dq,

or, equivalently, to the following direct demand functions:

_a(b—d)—bp, + dpg
qa = z—dz
0 = a(b—d)—bpg + dpA

B b* —d?

Assuming that marginal costs are equal to zero, it is straightforward
to show that the equilibrium prices are given by:

p a(b—d)(2b +d(y, +1))
AT A —d (v, + 1)(p + 1)
p a(b—d)(2b +d(yp +1))
P A~ (v, + 1)y + 1)
where

Ya = Vpo P

w,
Ve = B0®AA

Kgg + kaaWpoVpo
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After a partial divestiture in which a fraction « of firm A's stock is
sold to infinitesimal shareholders, we will have

3
Vo = (1—a)vpg

Wiy = (1—a)vg _ (1—a)vg _ (1=a)vgg
ST Ve (1—a)vgy 17 Veo + (1=0)vgy  1—avgy
Wl33n _ Bn Vg

T 1—avg,

N
Zn 1 Ven + (1=)vpg

N
3 .3 VBn Kgp

= Whr th, = tp, = .

s Z BnBn Zn:l T—avg B 1—av,

and therefore,

3
Ya = (1_0‘)‘738
Q) V,
vi = T Kaa _ (=g
.

ke (10 k+ (1—a)vgg)?.

Writing v = (1 — a)vgo and inserting these expression into the equi-
librium prices we obtain:

(k +v )(Zb d(v+1))(b—d)a

pA:4b2(k+v2) d?(v+ 1) (k+v+v?)
2 [—
pB:(Zbgl<+v2)+d2(k+v+v>)(b 2d)a
4b* (k+v*)—d*(v+ 1) (k + v+ v?)
and
2 2 . 2\ _ 2 2
CIA:(Zb (k+4\;2)+db£1 vi(k-lrv) dv(k2+v+v)) a
(k+v¥)—=d*(v+1)(k+v+v?) (b+d)
2 2 _ 2\ _ g2
qB:<2b (k+v)+db(k v+v> dv(v+l)> a

ab? (k+v3) —d*(v+ 1) (k + v +v?) (b+4d)
or, letting x = d/b < 1 and normalizing prices and output

DA (k + v2) 2 +x(v+1))(1—x)

= T D R D (kv )
_pB_(2(k+v2)+x(k+v+v2>)(1—x)
P 4k +v2) =+ 1) (k+v+v2)

bq, (2<k+v2)+x(1—v)<k+vz)—x2v<k+v+v2)> 1
U="¢ = 4(k +v2) =2 (v + 1) (k+v+12) 1+x)
2 b, <2(k+v2)+x(k—v+v2)—x2v(v+1)> 1
5= B _

a 4k +v)—Rv+ 1) (k+v+v?)  (1+x)°

In order to have non-negative prices and outputs we need that

g1(k,v,x) = 4(k + v2>
g (k,v,x) = 2<k + v2) +x(1—=v) (k + v2) —xzv(k +Vv+ v2> >0

Z(k + vz) +x<k—v + v2> —x*v(v+1)>0.

—xz(v+1)(k+v+v2>>0

g3(k,v,x) =

Notice that g»(k, v, x) > 0 is always true because:

08y (k. v.X)

= (x+1—vx+1—vx2)>0

and
2,(0,v,x) = v?(x + 1)(1—vx + 1—x)>0.

The other two conditions can be written respectively as

(k + vz)

v+ 1)(k+v:+v)
k—v+v* + \/<k+v2—v>2 +8v(v+ 1)(k+v2>
2v(v+1) '

x<2

X<

Normalized consumer surplus decreases with an infinitesimal dives-

titure if and only if — aci = %>0. This has the same sign as

Vx(x+ 1) (26" +4) =2(x+ 1) (226" + 2 + 4)v°+

6xk(x +2)(x + 1)V + (x + 1)(2(2x—2x* + x* + 4) +3k(x—2)(x + 2)2)\/‘ +
X(x+1) (2k(x +2)(3x—4) + (x2—2x—4) TR (6x 2+ 12))\/3 +

3k(x +2) <x2 N k(x3 —4x—4>)v2 +2xk(x +2) ((k2 + 1) (x+1)
+k(x2—x—4))v—k2(x +2%(k+ 1.

Fig. 1, obtained numerically, presents the set of values in the (v,x)-
space for which the expression above is positive, for arbitrary values
of k, k =0,k = 0.075 and k = 0.100. Fig. 1 also presents the only bind-
ing constraint needed to ensure positive outputs and prices, in gray,
which corresponds to the case when k = 0.
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